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In the presence of an off-resonance radiofrequency field, recov-
ery of longitudinal magnetization to a steady state is not purely
monoexponential. Under reasonable conditions with zero initial
magnetization, recovery is nearly exponential and an effective
relaxation rate constant R+ = 1/T .+ can be obtained. Exact and
approximate formulas for R, and steady-state magnetization are
derived from the Bloch equations for spins undergoing cross-
relaxation and chemical exchange between two sites in the pres-
ence of an off-resonance radiofrequency field. The relaxation for-
mulas require that the magnetization of one spin is constant, but
not necessarily zero, while the other spin relaxes. Extension to
three sites with one radiofrequency field is explained. The special
cases of off-resonance effects alone and with cross-relaxation or
chemical exchange, cross-relaxation alone, and chemical exchange
alone are compared. The inaccuracy in saturation transfer mea-
surements of exchange rate constants by published formulas is
discussed for the creatine kinase reaction. © 2000 Academic Press

Key Words: Bloch equations; chemical exchange; off-resonance
effects; saturation transfer; T, relaxation.

INTRODUCTION

measured while the exchanging sfiinis saturatedZ—8). An
alternative method involves calculating the intrinBicof spin
D in the absence of chemical exchandeq, 23.
Off-resonance irradiation decreases the steady-state sig
intensity of a resonance4, 29, and the spin—spin relaxation
rate constanR, = 1/T, can be measured from this signal
decreased, 27). The decrease in intensity of spih during
saturation of spirE will therefore be caused by both direct
off-resonance effects (“spillover”) and chemical exchange. Al
tempts to correct for off-resonance effects involve using
control irradiation, the same distance from pé&alout in the
opposite direction (Fig. 1C). Usually the intensity of syin
during the control irradiation is used as the equilibrium mag
netization in the formulas for determining the exchange rat
constant {—4). A recent correction factor has accounted fol
exchange oD spins with partially saturatel spins during the
control irradiation 9). The R, also changes with off-reso
nance irradiationi4, 28, and the new ,; is sometimes called
the “spin—lattice relaxation time in the rotating frame with
off-resonance irradiation,’r‘ff,f (29, 30. This increase iR
usually has not been included in the formulas for calculatin

Many NMR experiments are conducted with a constaHi€ exchange rate constants. Potts and co-workers suggeste

low-power radiofrequency (RF) irradiation to saturate one éprmula to include the increase®.q, but the theoretical jus
more spins while observing another spin. Examples inclugification for the method was not specifiet. Furthermore,

decoupling experiments, cross-relaxation measurements ¢ method requires measuring intensities and relaxation ra
cluding the nuclear Overhauser effect (NOE), and saturatidh-the presence of the RF field without chemical exchange.
transfer measurements of chemical exchange rate constants. [fhe purpose of the present work is to investigate the rel:
this work we focus on saturation-transfer measurements tiginship between the signal intensity decrease andRhe
chemical exchangel{16. For completeness, cross-relaxatiofiicrease with off-resonance irradiation, as well as the effect
is included, so the formulas can be applied to NOE measufemical exchange and cross-relaxation on these meast
ments (7, 1§ and magnetic resonance imaging (MRI) magments. After obtaining a complete solution of the modifiec
netization-transfer measurementsl9¢22. Homonuclear Bloch equations with constant spihmagnetization, approxi-
cross-relaxation is common i spin systems and usually ismations are introduced to simplify some formulas. Specic
negligible in*'P spectroscopy of biological systems. cases are then considered, including off-resonance effe
In a saturation-transfer experiment the signal intensity ofadone, cross-relaxation with and without off-resonance effect
detected spiD is measured with and without saturation of amnd chemical exchange with and without off-resonance effec
exchanging spirE (Figs. 1A and 1B). The effective spin—Finally, inaccuracies in saturation-transfer measurements
lattice relaxation rate constant of spih, R, = 1/T. IS exchange rate constants with published formulas are discuss
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indicated by €’). For ex_ample,ERl is the Ry of spin D
exchanging with spirE, 'R, is R, of spin D with direct

Mo Moe
off-resonance effects but without chemical exchange or cros
relaxation, and™“M(e) is the steady-state longitudinal mag
A netization of spinD while spinE is irradiated with off-reso-

nance effects, chemical exchange, and cross-relaxati
included. Magnetization components normalized to equilib
rium magnetization will be represented B, = M, /Mg,

E, = M,e/M¢, andE, = M /Mg, with similar relationships
for spinD.
" We will assume that the magnetizations can be describe
“Mgp(e) accurately by the Bloch equation®4j modified for chemical
exchange®-10, 13, 23, 31, 32and cross-relaxatiod8—-22, 3.
B /\ _ The modified equations in the reference frame rotating at tt
RF frequency, with thé3, field along the+x axis, are 83)
dM,p/dt = _wlMyD + Rl(MOD - MZD)
, iD ' _
‘EMOD(el) MQE(e ) (kpe + 0pe) Myp + (Kep + 0ep) Mg [1]
dM,p/dt = cUMyD — R;M,p — KpeMyp + KepMye [2]
c dM,p/dt = —oM,p + @;M,p — R:Myp
- kDEMyD + kEDMyEv [3]
koe :
D < E where w, = yB, is the precession frequency about the RF

keo

field, » = wy(D) — wy is the difference between the reso
FIG. 1. Saturation-transfer experiment for a two-spin system, a detecteance frequency of SpiB and the RF frequency (Fig. jKDE
spinD, and an exchanging spi (A) No irradiation, for measurement of the andk., are the Chemical-exchange rate constants capdand

equilibrium valuesMy, and M. (B) Spin E saturated, for measurement of are the cross-relaxation rate constants. The rate const
EMoo(€). The intensity of spirD is decreased by chemical exchange and EP : ‘

perhaps by direct off-resonance effects. (C) The usual control experiment, wita IS the spi_n—lf_ittice relaxation rate constant in the fibfsence
the irradiation moved fronk to the opposite side db, for measurement of any magnetization exchange. There are also three similar eqt

Moo (€’) andMee(e'). The intensity of each spin may be decreased by dire¢ions for spinE. Transverse magnetization precesses fror
off-resonance effects, and by exchange with the other partially saturated 5@81._)/ for o > 0, and an RF pulse on théx axis moves a
magnetization vector from-z to +y. The cross-relaxation rate
constanirpe may be positive or negative; a positivge results
Extension to three sites with one radiofrequency field is digy g signal loss when spiB is saturated. This is the opposite
cussed in Appendix A. of the standard convention for NOE experiments. The calct
lations assume that possible complicating factors such as spi

BLOCH EQUATIONS WITH CHEMICAL EXCHANGE spin coupling are absent. At equilibrium there is no net ex

AND CROSS-RELAXATION change of magnetization, so
The Modified Bloch Equations KepoMoe = KpeMop [4]
In general the steady-state magnetizations with off-reso- 0epMoe = 0peMop. [5]

nance irradiation will be different from thermal equilibrium,

and this difference must be indicated. The notation for maghese relationships, sometimes referred to as “detailed b:
netization levels and relaxation rate constants is summarizegiiice,” allow Egs. [1]-[3] to be converted into other forms mor
Table 1. All relaxation rates refer to spih unless otherwise commonly used for cross-relaxatioh8-22, 3). Rearrange-
indicated. Magnetization levels will include a subsciipor E  ment of Egs. [1]-[3] and application of Egs. [4] and [5] to Eq.
to indicate the relevant spin. A preceding superscEfD) [1] yields

indicates chemical exchange with si(D), o indicates cross-

.relaxlau.on, and i !nd|cgt¢s dlrect. oﬁ—resoqan_ce effects of the dM,g/dt = —w,M,p + “ER,(“"EMgp — My0) [6]
irradiation. Direct irradiation of spi& will be indicated by €),

and irradiation of a control position (see Fig. 1C) will be dM,p/dt = oMyp — FR;M,p + kepMye [7]
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TABLE 1

Notation for Magnetization in the Presence of Chemical Exchange, Cross-Relaxation, and Off-Resonance Effects

Symbol

Meaning

Preceding superscripts
i
(o

Includes effects of off-resonance irradiation
Cross-relaxation included

E Chemical exchange with spif, with constant spirfE magnetization
Magnetization symbols

Moo, Moe Equilibrium magnetization with no irradiation

Moo M p(ss) with chemical exchange with spi) Eq. [11]

"Moo M,p(ss) with off-resonance irradiation

"Moo M,p(ss) with cross-relaxation, Eq. [11]

(e) SpinE is irradiated (saturated), Fig. 1B

(e") Irradiation of a control position for spig, Fig. 1C

EMop(€) M,p(ss) with spinE irradiated, including off-resonance effects

EMop M p(ss) with chemical exchange and cross-relaxation, Eq. [11]

"M op M,p(ss) with chemical exchange, cross-relaxation, and off-resonance effects, Eq. [26]
Magnetization ratios

D., Dy, D, Myo/Mop, Myp/Mop, M,po/Mgp

E.. E,, E, M,e/Moe, Mye/Moe, M e/Mge

*D(e) M o(e')/Mop

‘EDz(e) IE'\/IZD(e)/MOD

PE.(€) M.(€')/Moe

PE.(e) °M.e(€)/M o
Relaxation rate constants

o Real or complex time constants, roots of a cubic equation in the Laplace transform

'R, R.er with off-resonance effects —a;)

"R, Rier With chemical exchange, cross-relaxation, and off-resonance effects

Note. M,p(sS) is steady-state longitudinal magnetization of €pin

dM,p/dt = —wM,p + ©;M,p — FR;Mp + kepMe,  [8]  equations [6]-[8] plus the three corresponding equations f
spin E, with time-dependent changeslify,s, M5, M5, M,g,

where M,e, andM,e. One approach is to use specific values for thi

relaxation and exchange rate constants and the relative eg

7ER. = 9ER.(e) = R, + Kae + g librium magqetizations and obtain a nu_merical sqlut?on of th
! 1(8) = Ry + koe + oo Bl Bioch equations 4). Another solution involves finding the

FR, = FRy(€) = Ry + Kpe [10] roots of a sixth-order polynomial numerically and inserting

- ” these values into an analytic solution. This method has be

EMOD = Mop[Ry + (Kpe + ope) E,l/ ERl- [11] y |

applied to the case of cross-relaxation without chemical e
change 22). With these numerical solutions it is not easy tc
determine how a change in one parameter affects the fir
Sesult.

Most saturation-transfer formulas achieve an analytic sc
lution by assumingM,e = M, = M, = 0. A useful
compromise is to assume thidt,e, M e, andM ¢ are held at

The Bloch equations have been solved by application ofcanstant values. This is clearly true for steady-state cond
Laplace transform22, 25, 33, 3%and by a multiple-derivative tions, so the formulas for the steady-state magnetizatic
method 85, 3. The Laplace transform converts the differen*M, will be valid when the intensity of spi& is reduced
tial equations into algebraic equations, which can be solvbg off-resonance effects or by exchange with another sat
with standard techniques. The inverse Laplace transform thexted spin. Furthermore, this assumption is nearly true for
yields the final solution. Appendix B contains corrections aftrong on-resonance saturating pulsg & R,), SO exper
some errors in these and other previous publications. An amaental measurements 8FR, will be good estimates if spin
lytic solution with chemical exchange in the absence of an REis nearly saturated.
field and cross-relaxation has also been preser&éd3g. The following derivation based on the Laplace transforn

No complete analytic solution is available for the genera similar to the derivation presented by Mulkern and Wil-

Notice that steady-state longitudinal magnetizatiod o, de-
pends on spirE magnetization and cross-relaxation, whil
"R, depends on cross-relaxation but not sgimagnetization.

The General Solution with Constant Spin E Magnetization
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liams for the case with no chemical exchange or cross-a=[3(w?+ w?) — (R, — ER,)?]/3 [20]
relaxation 83). Equations [6]—[8] are in the same form as e . e e,

their equations, and we have used their notation in manyb = ("R = "R)[2("R; — "Ry)

cases. The readgr is referred to that Work f.or the detailed + 1802 — 902)/27 [21]
steps. The solution to the Bloch equations is equal to the

sum of the residues of the transformed equations timesc = b%4 + a%27 = {(0? + w))?

exp(a;t), wherea, = 0 anda,, a,, anda; are the three roots oEp _ ED \ZF..2(n .2 1 [oED _ Ep 12

of a cubic equation. Thus the solution for each component of + (TR = "R) To(20% + {™R, = "R}

magnetization is of the form — wi(wil4 + 5w?)]}27. [22]
M;(t) = M;(s9 + Mjexpla;t) Notice thataFf, and aFg, depend on spifE magnetization
+ Mjexplast) + Miexplast), [12] while the threex; do not. Equations [15]-[17] require that the

cube rootsA and B be chosen so thahB = —a/3. This is
i satisfied ifA andB are real forc > 0 and if they are complex
wherej = x, y, or z. conjugatesB = A* for ¢ < 0. For more information on the
If Mg, Myg, andM ¢ are constant, the steadyjstate values foy,ic equation whose roots are the thiee see 83). The
M.o, My, andM., can be determined by settintM.o/dt = g5jytion of cubic equations is available in several books c
dM,p/dt = dM,5/dt = 0, or from thea = O pole of the ' ahematical tables and at the internet sites http:/wwy
Laplace transform33). The results presented below are similaging he/math  and  http://history.math.csusb.edu/HistTopic
to the well-known results without chemical eXChangﬁuadratic etc_equations.html#47.
(24, 25, 33-36, 3Pplus new terms 'n‘éOIV'”Eg\AxE andEMvE' The complete solution is shown in the following equations
and withRy, R,, andMoo replaced by™Ri, "R,, and™Maeo  Notice that longitudinal and transverse magnetizations dec:
from Egs. [9]-{11]. or oscillate with the same three rate constantsalthough the

For the time-dependent evolution of magnetization, applicgaefficients of these three components, (f,, g,) are different
tion of the Laplace transform to Egs. [6]—[8] with constant spify; the x y, andz magnetizations.

E magnetization yields the same equations as those published
previously without chemical exchang83j with the substitu-

tions of Eqgs. [9]-[11] and withx;f, anda;g, replaced by Ff, "EM,p(t) = "FMgp + miexp(a;t)
E
anda;g,, Where + muexpla,t) + meexp(ast) [23]
iocE _ icE
aiEfO — aifo + kEDMxE [13] MXD(t) - MXD(SQ + flexqalt)
+ frexplast) + fiexplast 24
afgo = aigo + KepMye. [14] _ _ St 124]
I{TEMyD(t) = IUEMyD(SQ + g.explat)
In these and other expressidis g,, andm, are the initialx, + g.explast) + gsexplast), [25]

y, andz magnetizations. One time constant is real (expe

nential decay), and the other two may be complex conjugateﬁ
AR ) where

(damped oscillations) or real:

UEMOD UERl(wz + ER%)

= —(2°R, + *R)/I3+ A+ B 15
aq ( 2 1) [ ] P + kEle(waE _ ERzMyE) -
a, = —(2°R, + “*RY)/3 — (A + B)/ o FRy(w? + FRY) + FR,w} [26]
in1/2
2+i3" (A-B)/2 [16] [(ERz + a1)2 + wz]({TEMODUERl + Moary)
as= —(2FR, + "FR)/3 — (A + B)/ . — 0100 "Go("Re + @) — o]
L=
2 - i3Y3%A - B)/2, [17] sl — ag)(a — ag)
[27]
where [(°R; + a)® + @?]("*Mgp R, + moa,)
m — 010, "Go( "R, + ap) — @]
A= (=Db/2 + cV?s [18] 2 ax(a, — a)(a; — ag)

B=(-bh/2—-c¥?)s [19] [28]
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[(FR; + a3)? + 0?]("*Mop "FR; + moas)
— w303 FYo( "R, + arz) — ]

TABLE 2
Maximum Percentage of Error in Estimates

m; = with Approximate Formulas
¥ as(as — ay)(az — ay) op
[29] R (s
EMop ERiww; + Kepl (w2 + “ERER,) Variable Eq. 2 10 100
_ X Mye + 0 FR;M ]
7EM (S = . Y A+B 49 0.0003 0.020 2.28
xD oE 2, ER2 E 2 : : :
Ri(w® + "R3) + "Rewi A-B 50 <0.0001 0.0060 0.71
[30] AB 51 0.0004 0.027 33
o 53 <0.0001 0.024 6.6
0w, ("Mgp "FR; + Myary) Re(,) 54 <0.0001 0.0043 0.56
"SGR ) b ®  amw oomw om
ol 2 . . .
f = +ar o (FRe + @) (Ry + @) + wi] Im,| 60 0.0030 0.13 14.6
! a(a; — ay) (o — ag) d, 62 0.0010 0.075 6.4
m 63 0.0032 0.082 8.0
[31] 'M10D 69 0.0034 0.10 8.9
oE oE
0w, '\éIOD R[ré—{_ Moct,) Note.The differences between the actual and approximate values (calculat
+ azEgowé Ry + aZ)E ) with the equations shown in the second column) were calculated forRach
; + ar f (FRy + @) (R + ay) + wi] with » = 320, 960, 2880, and 8640 rad/s and= 20, 60, 180, and 540 rad’s,
= : A ; ;
2 012(012 _ 011)(012 _ ag) allwithR, = 1 s Thg largest of}?e 16 <_j|ﬁerences is shown as a percentac
of the actual value. WithR, = 1 s, all differences were<0.0008%.
[32]
EMp“ER; + M . iy
0w o octa) Under certain conditions (at or near resonance With —
+ a3 gow( "Ry + ) oE _ Dx :
Er T/ E CE 2 R, > w,)c < 0, so A= B* and all threeq; are real, leading
+ a3 fo[( R2 + 0[3)( Rl + a3) + (,Ol] . . . . .
fy= to triexponential relaxatior3@, 40. In most instances, includ-
az(as = ay)(as — ay) ing typical saturation-transfer measurements; 0, soa, is
[33] real whilea, = a%, m, = m3, f, = {5, andg, = g%. In this
oEMFR.ER casea; = —'"°R; corresponds to monoexponential relaxation
°D+ kl Uégl[ER Moe— oM.] while o, anda; describe a damped oscillatioBd, 35, 3. For
EM, o(S9 = Eb Tl T2lye — @V [34] this common case Eq. [23] becomes
yb ER(w? + FR3) + ER,w?
icE _ iocE
w1("R, + @) (Mo "FR; + moay) '"EM,p(t) = '"“Mgp + miexpla;t)
oE
+ ay( ERl * ay) i + 2|mylexd Re(a)t]cog Im(a)t + ¢], [38]
g, = X [Fgo("Ry + ay) — o] [35]
! a(a; — ay)(a; — as) where sing = Im(m,)/|m,| and cos¢ = Rem,)/|m,|. The
o o angle ¢ can be written as arctan[lmm;)/Re(m,)] as long as
w1(®Ry + @2) ("*Mop "Ry + Moar;) g d) [ImG)/Re(m)] 9
+ a("ER, + a) care is taken to choose the correct quadrant for the ang
Ey (E — WFf because the arctangent normally is defined over the ran
X [F9o("Ry + ap) — o] . . (oE
g, = (0 — 0D (e, — @) [36] —m/2 to w/2. Similar equations apply t0""M,y(t) and
Gl — ayiaz = Az "EM,p(t), with "M, m;, andm, replaced by*M,y(ss),fi,
w1(FR, + ag) ("EMp 7Ry + Moars) andf, or by '”EI\/I_yD(ss)_,gl, andg,. Thus —a; corresponds to
+ as("FRy + aj) the effective spin—lattice relaxation raf..
X [Fgo("R, + a3) — o] . .
gs = [37]  Approximations

az(az — ay)(az — ay)

Working with These Equations

The time-dependent solution for longitudinal magnetization i
Eq. [38] requires knowledge ofv;, Re(,), Im(a,), Ref),

The preceding equations show the complete solution and dar{m,), andm,. Approximate formulas often can give a sufficient

be used for individual calculations by inserting values for thestimate of the interesting variables (Table 2). In this sectic
relaxation and exchange rate constants. However, it is not eastimates will be derived for the time-dependent return of ma
to discern relative rates and intensities. In certain cases sometization toward steady state after a perturbation. These estime
general conclusions can be drawn and some approximatiavib assume off-resonance conditions= 314 rad/s (50 Hz) and
can simplify the formulas. FR, < 314 s' so thatw® + R ~ ? ¢ > 0, andc¥? > b. These
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conditions are easily satisfied in most saturation-transfer experérse (for°R,) components oB8,, which is nearly parallel to
ments. It is also assumed tHat= g, = 0. the steady-state magnetization vector (see below). The cont
In some cases it will be convenient to present formulas butions ofR;, chemical exchange, cross-relaxation, and-irra
terms of the effective magnetic field in the rotating fraBg= diation to R, are approximately separable. Remember the
(w/y)k + B, (k is a unit vector along the axis). The anglé these formulas assume that is constant. A change ik,

betweenB, andB, is determined by while spinD relaxes will cause nonexponential relaxati8m)(
Substitution from Eq. [49] into Eq. [16] and rearrangemen
Sin 6 = w,/w, [39] gives the real part ofx,, which determines how fast the

oscillations decay:
cos 0 = wlw,, [40] Had y

®R,/2 < —Re(a,) < FR,. [55]

where the effective precession frequency is

we= YBe= (0% + w3) Y2 [41]
Thus the oscillations decay with a rate constant slightly les
With the assumptions stated abokeandB in Egs. [18] and than®R,. The limit —Re(a,) = R, is approached if*R,; =
[19] can be approximated by their Taylor series expansionsiR, or if w; < o (6 ~ 0). The limit —Re(,) = "R,/2 is
approached ifv;, > o (6 = 7/2) and*R, > “°R,.
A= cY91 — b/6cY2— b2/36¢ + smaller termb [42] Substituting from Eq. [50] into Eqg. [16] shows that the
imaginary part ofa,, which determines the oscillation fre

B= —cY1+ b/6c*?— b?36¢c + smaller termé  [43] quency, is approximately,:

The first and third terms ok + B and the second term &f —

Im ~ We. 56
B cancel, leaving (@) = we [56]

— b/(3cY? I The magnitude of the oscillations is determinedrhby; f,,
A+ B = —b/(3c™) + smaller terms [44] and g,. The denominator ofm,, f,, andg, is d, = d% =
A — B = 2¢Y® + smaller terms [45] as(a; — ai)(a; — as). If @ > FR,, then the real parts af,

o _ s anda, — «, are small and may be neglected (Egs. [53]-[56])
AB = —af3 = —c™" + smaller terms. [46] After substitution from Egs. [16], [17], [50], and [56],

H > E _ . .
With o > "R,, Egs. [21], [22], and [44]-[46] simplify to d,=di{= —2i(w?+ 0?)¥?= —2iwl [57]

— (oE _ E 2 _ 2
b= ("R, = "R)[(20° — 3)/3 + smaller term$  [47] In the numerator ofn, the real part ofR, + «, is small and may

c=(w?+ w2327+ smaller terms [48] be neglected, and from Eq. [56]M(a)]’ =~ — (0 + 3), SO
A+ B= (ER2 - UERl)(Za)Z - wf)/3(w2 + wi) [49] Num(mz) ~ _wi( UEMODERl + moaz)- [58]
A-B=~203"%3 [50]
If my = 0,
AB=~ —w¥3. [51]
m2 = _| UEMODUERl(X)i/ng (mo = 0), [59]

The differences between these estimates and the actual values

with certain values ofv, w,, andR, are shown in Table 2. If S0 2m;,| is very small. In additionp ~ — /2, so that the cosine

"R, = FR,, thenb = 0 and Eqgs. [48]-[51] are exact. curve becomes a sine curve. Thus, the oscillations are smal
Substitution of Eq. [49] into Eq. [15] and rearranging yieldg, ~ 0. If my ~ =M, the first term in Eq. [58] is small and

an estimate of the effective spin—lattice relaxation rate constam@y be neglected and from Eqgs. [54]-[56} ~ i Im(«ay).

Riet = —ay: After substituting from Eq. [56],

a; =~ —[" R, + (R, — “FR,)sin6] m, = My = mMy(sin?0)/2 (My = £Myp). [60]

(Ry + koe + 0o + Rire) [52] The oscillation phase i ~ 0if m, = My, andg ~ if m, =
—[“ER,c080 + ER,sin?6]. [53] —Mgp.
The magnitude of the exponentially decaying magnetizatio
This R.¢ is a weighted average 6fR, and®R,, with weight is determined bym,, f,, andg,. The denominator im,, f,,
ing factors derived from the longitudinal (f6tR,) and trans andg, is

U

a,
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d; = ay(a, — ay)(a; — as) = 3a,[(A + B)2 — AB]. OFF-RESONANCE EFFECTS ALONE
[61] The solutions of the Bloch equations without chemical ex

change or cross-relaxation can be found by setkipg =

Wheno > FR,, comparison of Eq. [51] with Eq. [49] showsKeo = 0o = gep = 0. In this casé"R,; = R, and"R, = R,.

that—AB > (A + B)?, sod, ~ a,w!. After substituting from

Eqg. [53], Steady-State Magnetization

In the presence of a radiofrequency irradiation withou

. - , chemical exchange, steady-state longitudinal magnetization
d; =~ —["Ri0® + FRyw1]. [62]  found from Eq. [26]:

i 2 2
This is the negative of the denominator in the steady-state Moo _ Rzl(w : Ra) .,
magnetizations witlw > R,, Egs. [26], [30], and [34]. When Moo Ri(w®+ R3) + Rewy
spin—lattice relaxation measurements are made, the starting
point is usua”yfo =gy = 0 andmo =0 OriMOD' With these a well-known resu|’[Z4, 33, 35, gﬁ The ratio of the decrease
assumptions and neglecting thig: andM,c terms (which are in magnetization to the remaining magnetization is
small, see below) in the numerator 6M,, (Eq. [26]), EQ.

(65]

[27] simplifies to Mo — Moo Rewi 66
iMOD a Rl(w2 + Rg) . [6e]
m; ~ —""*Mgp + MeCOS’0. [63]  On resonance = 0, and Egs. [65] and [66] simplify to

I
With purely exponential relaxation, the magnitude of the ex- Moo RiRo .
ponential component is the difference between the initial mag- Moo RiR, + w1
netizationm, and the steady-state magnetizati6fVy,, or Moo — Mo w?
m, — ""*My,. With oscillations, the magnitude of the expo ™ “RR
nential component is decreased by the magnitude of the oscil- o» v

lation (see Egs. [38] and [60]). The approximations are cop: o .
: . . .~ _For the off-resonance spin in a saturation transfer measurem
sistent with the requirement that the sum of the magnetization

components at = 0 equalsm,: o > R,, and Egs. [65] and [66] simplify to

(w=0) [67]

(w = 0). [68]

Mo Rio’ gy [69]
. = w =
""EMgp + My + M, + My = my. [64] Moo Rio®+ Ryoi 2
Sample Spin System Mo — Moo Row?
Ple =PI =y Mo =R (@ R, [70]

Some of the formulas in the next sections will be demon-

strated with a sample spin system, the frequently studied Sﬁiuation [70] shows that i > R,, the decrease in intensity

tem of phosphocreatine (PCr), the gamma phosphate of adgly;seq by off-resonance irradiation depends only on the rati
osine triphosphate (ATP), and inorganic phosphdtes(8— R,/R, and w/o.

10,19. We will examine the experiment where the ATP "t rejative amounts of on-resonance and off-resonan

resonance is sgturated (s;ﬁm.and the I?Cr signal is Qbservedsaturation can be found by comparing Egs. [68] and [70]. Fc
(spinD). The simulated data ignore spin—spin coupling, Cherﬁiven values oR,, »,, anda, a broad line (shofT,, largeR,)

ical shift ranges caused by imperfect shimming, and exchang€nqre difficult to saturate on resonance and has a grea

of ATP with inorganic phosphate. , off-resonance effect. Thus, it is easier to saturate narrow pez
The calculated data assume typidalandT, times for PCr (long T,, smallR,) without off-resonance effects.

and ATP @1): T,(PCr) = 4 s, Ty(ATP) = 1.25 5,T,(PCr) = Steady-state transverse magnetization can be calculal
0.2 s, T,(ATP) = 0.05 s. TheT, values are not corrected forfrom Egs. [30] and [34] wittkep = o¢p = 0. ON resonance,

chemical exchange, which can cause significant er&s)s ibut ® = 050'M,(ss)= 0
they provide reasonable values to compare the different for- ® ’
mulas for calculatingsye. In additionMo(PCr)M(ATP) = 2, i _
koe = 0.5 s, and the frequency difference between PCr and Myo(s9/Mop < Ri/w; (@ = 0) [71]
ATP is 400 rad/s 64 Hz or 2.5 PPM at 1.5 T). 'M,p(s9/ Mg = @,/R, (0 = 0). [72]
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Therefore there may be a small amount of transverse magne-
tization along they axis. Far from resonancey > R,, so 0.6 7

0.4 4 I s

M,p5(59/ Mgy < wi/w (w>R,) [73] P
024 T
lMyD(SQ/IMOD < szll(vz ((I) > Rz), [74] - /’/'/—
g o Lr
2

where'M, is smaller thanM . There may be considerable i )
transverse magnetization, this time mostly alongxtais. In 2 02y
both cases these are tkeandy axes in the reference frame 3 7
rotating at the RF frequency, not at the resonance frequency of © -0.4 ¢ 1
the spin. As expectedlb), the steady-state magnetization is A
approximately aligned witlB,, although the alignment is not -0.6 4
perfect as sometimes claimed?). /

0.8 - !
Recovery of Longitudinal Magnetization

-1 t T
In the presence of an off-resonance irradiation, Eq. [23] 0 50 100 150 200

shows that recovery of longitudinal magnetizatMntoward a Time (ms)

steady state does not proceed in a purely monoexponentialG 5  onaitudingl o ation during off _
manner. |fC in Eq [22] iS negative, there iS a triexponential FIG. 2. Recovery of longitudinal magnetization during off-resonance ir-

. . radiation. Dash—dotted line, recovery frdvh, = 0. Solid line, recovery from
decay ofM, (33, 40. In most saturation-transfer experimentg, _ v Y

= —1. Dashed line, exponential component of recovery fidm= —1.
the irradiation is at leasb = 50 Hz (314 rad/s) off resonancepotted line, exponential recovery from, = —1 without off-resonance
(14, 42, and this is much greater tha&y — R,. Under these irradiation. The top of the graph is 0.6668'M,. The curves were calculated
conditions M, recovery has a significant monoexponentidp’Mo=1,Ri =5s" R, = 105" = 400s", ando, = 200 s". These
component modulated by a decaying oscillatory componefifues were chosen to emphasize the oscillations.
(Eqg. [38] and Fig. 2). The initial magnitude of this oscillatory , ,
component, fn,|, depends omw, w,, and the initial longitu ‘Moo - E 020 [75]
dinal magnetizationm, (Egs. [59] and [60]). Ifm, ~ O the Mo T,
oscillations are small (Eq. [59] and Fig. 2), and the gxponential R,—R, T,— T, (Mg — M) (R, — Ry)
decay rateéR, can be considereR,.;. The exponential decay i = ~

Rl Tl MOD R2

will be considered after the oscillatory component.

Oscillatory component. The initial amplitude of the oscil- The fractional decrease iff,.s is less than the fractional
latory component, [2n,|, is very small ifm, ~ 0 (Eq. [59] and decrease in steady-state magnetization by a fad®r
Fig. 2), as in progressive saturation and saturation recove®y)/R,. If R, = R,, 'R, = R, so there is no change ifie.
measurements dR,.. The oscillation magnitude is apprexi The fractional reduction i, approaches the fractional reduc
mately mosin’d if m, ~ —Mgy, as in inversion recovery tion in Mg only if R, > R,.
measurements (Fig. 2), or if relaxation from equilibrium to- The magnitude of the exponentially relaxing component i
ward the new steady-state is followed after the RF field s longerm, — "M, as it would be if there were no oscil
turned on (n, ~ M) (Eq. [60]). The effects of the oscia |ations. The magnitude is decreased by approximately tt
tions on theR,.« measurement will be reduced further if thenagnitude of the oscillations (Egs. [60] and [63] and Fig. 2)
decay rate-Re(a,) > Ry, which requireR}, > R, (Eq. [55]). Furthermore, the intensity at= 0 is offset from the expo-
The oscillation frequency Ina) ~ . (EQ. [56]). The phase nential relaxation curve by approximateiy,cos’6. This can
offset of the oscillations (Eq. [38]) is usually near zero whegomplicateT, measurements by inversion-recovery or by fol
m, =~ Mg and nearm whenm, ~ —M,, (Eq. [60]). lowing the decrease iM, after the RF field is turned on.

Exponential decay. The exponential decay constaRt, =
—a, is independent of the initial magnetization and depends
only onRy, R, w, andw, (Egs. [15] and [18]—-[22]). Equation
[52] with koe = ope = 0 shows thatR, is approximatelyR,
plus a term that depends an w,, and the differenc®, — R;. With no chemical exchange or off-resonance effégt, =
Equations [52], [53], and [69] can be rearranged to show that, = 0 andw, = 0. As long asM,¢ is constant during the

[76]

CROSS-RELAXATION

Without Off-Resonance Effects
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measurement, the measured relaxation rate constant dhg, and 'My, are replaced by'R;, "My, and “Mg. In
steady-statéM,, are given by Eqgs. [9] and [11], respectivelyaaddition, after considering Eq. [78] and the modified Eq. [65]

Rief = "Ry = Ry + ope [77] "Moo (R + opeE) (w? + RY)
"Moo = Mop(R; + 0peE)/(Ry + 07pg). [78] Mop URl(wz + Rg) + szf ,

(84]

Application of Eq [5] can convert this to the form Commonl)(,vhich reduces to the expression in Eq [78“{ = 0 and to
used for NOE measurementk/( 19: Eq. [65] if ope = O.

"Moo = Moo + (Mze = Mog) oo/ (Ry + 07pe). [79] CHEMICAL EXCHANGE

These formulas may be compared to those for a two-spincross-relaxation and chemical exchange have very simil

system, where there are equal number®andE spins and effects both on spin—lattice relaxation rate constants (Eq. [9

ope = oep (17, 18. The direct relaxation rate constaniis=  and on steady-state magnetization. The main difference is tt

‘R, (Eq. [77]) and the cross-relaxation rate constant'is=  chemical exchange transfers all three magnetization comp

—oep. The change in magnetization froMg, to “Moo, the  nents while cross-relaxation transfers oMy. Therefore there

NOE, may be positive or negative. A negative change probalfye k_, terms withoutoy, terms in Eqs. [26]-[37], either

accounts for a large part of the signal decrease in MRI Witlirectly or through Egs. [13] and [14]. Theke, terms arise

off-resonance irradiation, which partially saturates an invisiblyom thek, terms in Egs. [2] and [3]; th&oe terms in those

broad proton populatiorl@-22. equations combine witR, to produce®R, (Eq. [10]), and the
Incomplete saturation of spit results in a proportional k_ term in Eq. [1] is included if*M,p (Eq. [11]).

decrease in the signal intensity change of dpjrwhile °R; is

not changed (as long as sgirmagnetization is constant). This\yjithout Off-Resonance Effects

contrasts with the case of off-resonance effects alone, where

the fractional decrease ifi,.; Was less than or equal to the In the simplest saturation-transfer experiment, the sign.

fractional decrease in steady-state magnetization (Egs. [75] dm@nsity of spinD is measured with Mo (€)] and without

[76]). saturation of spirfE(My), and®R; is also measured. With no
cross-relaxation or off-resonance effeg¢t, = 0 andw, = 0.
With Off-Resonance Effects With constantM, the R, is "R, = R, + kpe (Eq. [9]) and

is independent of the exact valueMfe. However, the steady-
state longitudinal magnetization of sgn(Eq. [26]) decreases

g Moo(©) (Eq. [11]),

Without chemical exchange, only tkecomponent of mag-
netization exchanges by cross-relaxation between fpiasd
E. In this case the steady-state magnetization levels can
calculated from Eqgs. [26], [30], and [34] or from

FMop(€) = Mop(Ry + KpeE)/ (R + Kpg). [85]
iUMOD = MOD(O)% + R%D) Kz (80]
i Notice the similarity between Eqgs. [78] and [85]. If sginis
lo —
Mio(S9 = Mopwpw:Kap [81] fully saturated,E, = 0 and Eq. [85] simplifies to the more
""Myp(S9 = MopRap@1Kap, [82] familiar saturation-transfer equatior3<7), where
where *Mop(€)/Mgp = Ry/(R; + Kpe)
RlD[”RlE(wE + R%E) + RZEwJZ.] = R/*R, = "Ty/T, (E, = 0). [86]
_ + O-DERlE(wE + R%E)
Koo = [“Rin(wd + R3p) + Rypwi] . [83] With complete saturation the fractional decrease in steady-st
X ["Rig(w + R3p) + Ryew?] longitudinal magnetization equals the fractional decrease
A T I . .
— opeoep(w3 + RL) (w2 + RZ) T SINCE"Mp(€)/M o, = “T,/T,. This is equivalent to saying

that the fractional decrease in steady-state magnetization
If ope = 0, Eqgs. [80]-[82] simplify to Egs. [26], [30], and exactly balanced by the fractional increase Ry Since
o y : - : ' cinn MooR: = EMgs(€)FR,. In this case the unidirectional rate
[34]. Equation [80] agrees with Eq. [2] 08(). The expression 0™ 0D 1
for Kp, With three cross-relaxing spin populations, is given iROnstantkoe can be calculated from

Appendix A.
Equations [65]-[68] are valid with cross-relaxationRf, koe = FR; — Ry = FRi[Mgp — EMgp(€) /M. [87]
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TABLE 3 tizations for specific values of the relaxation and exchange ra
Magnetization Components under Different Exchange Conditions  constants and relative equilibrium magnetizations. One sol
_tion is to setdM/dt = 0 in Egs. [6]-[8] and in the three
Cross-relaxatioresponding equations for spi The solution for these six

No exchange Chemical exchange

SpinE irradiated equations with six unknowns can be determined numerical
D, (€) 0.0833 0.0320 0.0321 by standard mathematical computer programs and yiel
"Dy(e) 0.0010 0.0004 0.0004  steady-state magnetizations faras well asD. This exact
E[E’Eg 8-8334 00-030119: (?-3211 answer is useful for calculating simulated data when the equ
‘DE;(e) 0.0198 0.0273 0.0274 librium intensities .and relaxation rate constants for both spir
°E,(e) 0.0099 0.0143 00137  are known. Analytic steady-state formulas can be calculated |

Control irradiation this method, but they are much more cumbersome than tl
“D(e") —0.0833 —0.0877 —0.0880 formulas with cross-relaxation (Egs. [80]-[83] and [A6]-[A8])
“Dy(e) 0.0010 0.0011 00011 and offer no helpful insights4@).

24 0.8334 0.8772 0.8801 A second solution is to use equations analogous to Egs. [2
PE(€) —0.0470 —0.0454 —0.0454

°E (¢') 0.0012 0.0011 00011 [30], and [34] to calculate the steady-state valuebigf, M,
PE,(e) 0.9412 0.9078 0.9082 andM, in the absence of exchange. These estimates can

inserted into Eqgs. [26], [30], and [34]. This process can b
. 2‘;?“32222;23“;” fr?emsa?(rtlesﬁh were i%'C::'f‘tzggogittuiflzea‘[‘eg'”::e SPépeated if desired, with the estimatéd,, M,;, andM,; used
y o TR oe = 0 ( for calculating new estimates b, Mg, andM,¢, and so on.
exchange) okpe = 0.5 s* (chemical exchange). The cross-relaxation values . . . .
are those that would result if magnetization were transferred by cross-relgx-A t_h'rd solution is to use the formulas for pro_ss-relaxanon
ation (0pe = 0.5 s instead of chemical exchange. ignoring the exchange of transverse magnetization (Egs. [80
[83] and [AB6]-[A8]). This gives a reasonably good approxi-

mation in the creatine kinase sample spin system (Table 3) a
Alternatively, R, in the absence of exchange can be estimaté@n be used as a starting point for the iterative method ju

(23), andkoe can be calculated from, described. Notice that°D,(e) decreases in parallel with
*D,(e) (Table 3), so that the steady-state magnetization re
Koe = R Moo — Mop(€)]/EMyp(€). [88] mains nearly parallel to the effective field.

For deriving approximate analytic formulas, it is possible tc
recognize thatM,: and M, are small on resonance in the

If spin E is only partially saturatedr .4 still equals®T, as long ;
asE, is constant during th&, measurement, but the l‘ractionafSlbsence of chemical exchange (Eqs. [71] and [72] apd_TabIe
d seM,. = M,e = 0. The resulting formulas are similar to

decrease in steady-state magnetization is less than the fraM . .
y 9 ross-relaxation formulas, except this is replaced by'R,.

tional decrease i In this respect chemical exchange iscrransverse maanetization of a saturated soin can be Ve

similar to cross-relaxation. . i gnet dsp .
different with chemical exchange than without chemical ex

With Off-Resonance Effects changet (Table 3), so the error {M(e) can reach a few
percent.

Effective spin—lattice relaxation rate.The effects of chem- Steady-state magnetization with spin E not irradiated
ical exghange and off-resonance _|r_rad|at|orR;Qf ~ ~@a® \wWhen the control position is irradiated (Fig. 1C), the intensitie
fap_proxmately separable and_ additive (Eq. [52]). Notice H1a_t of spinsD and E may both decrease. Each spin may hav
o '.”dg_pe“?em O'Z'E > RHleff Is the same whether or not Sping;qificantm, (ss) (Eq. [73] and Table 3), whilld,(ss) will be

IS wegt y |rrah lated. However, this ?fi‘%m_es tMilztE 'S small (Eqg. [74] and Table 3). The steady-state magnetizatiol
constant during the measurementy, and this is nearly true may be calculated numerically or by iterative application o

when spinE is saturated but is not likely to be true when spirEqS. [26], [30], and [34] to spin® andE. The error caused by
E is not irradiated directly. Also, if the relaxation begins Wm&ettingM’ _ M — 0in Egs. [26], [30], and [34] can reach
xE T yE T . ’ ’

m, ~ +Mg, rather tharm, =~ 0, the oscillations may interferea few percent and can be estimated by ignoringhthe term,

‘I’:V_'th gccurate measurementef (Eqs. [38], [59], and [60] and | nich is much less than tHd,. term. After applying Eq. [73]
ig. 2). o . _ . _ to spinE with we = 2w, inserting this result into Eq. [26], and
Steady-state magnetization with spin E irradiatedhe ysing Eqgs. [4] and [11], the approximate fractional error ir

steady-state magnetization formulas shown in Egs. [26], [30ip ,(e) from ignoring theM, . and M, terms in Eq. [26] is
and [34] depend oM, andM ¢, whose values are not easily

measured. However, Eqs. [71]-[74] seem to be good approx-
imations even with chemical exchange (Table 3)Ms@ and
M,e can be expressed approximately in termsvt.

There are several ways to estimate the steady-state magdrt@s error can reach a few percent and is limited by the fact th.

fractional error~ (w?2kpeE,)/[203(R; + kpeE)].  [89]
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as w,/w increasesE, decreases (Eq. [69]). Setting,. = R, (Eqg. [92]). Equation [93] assumd’,/R;, = =M (€)/
M,co ./ we in Egs. [26], [30], and [34] will reduce the error (Eq.Mq, = ©D,(€) (see Egs. [11] and [86]):
[73] and Table 3).
In saturation-transfer measurements of chemical exchange Koe = ERy[Mop — EMop(€)1/Mop
rate constants, the difference lh,: and Mz when spinE is

irradiated compared to “control” irradiation means that the = "Ry[1 — "D,(e)] [92]
control is imperfect. Although the di.rect RF effects may be the Koe = Ri[Mop — EMgp(€) ]/ EMo(€)

same, the presence M, and M in Eq. [26] adds a new _ _

factor to =M, during the control irradiation. This complica =Ry[1 - "D (e)]/*De). [93]
tion does not occur when magnetization is exchanged by cross-

relaxation. The most common correction for off-resonance effects use

Baguet and Roby have suggested other formulas for estimateontrol experiment, where the irradiation is placed on th
ing the steady-stat¥, in the presence of RF irradiation andopposite side of spid from spinE an equal distance away
either chemical exchange or cross-relaxatit8).( Their for- (Fig. 1). The steady-state level of sgh "My(€’), is mea
mulas assume either control irradiation or complete dpin sured and is used as the equilibrium magnetization in Egs. [9
saturation and are equivalent to and [93], yielding Eq. [94] 3, 4) or Eq. [95] ():

Mo o Rip' "Ry — Ryp0peCOSL0: koe = FRy[ FMop(€') — EMop(e) ]/ Mgp(e’)  [94]
= C0SOp o 7o 90 i ' i [
Moo ® “Rip""Rig — 0peoepC0S 0,C0S 0 [50] kpe = Ri["Mgp(€’) — FMgp(e) ]/ EMgp(e). [95]

- Rip"®Ryc00S 0y Potts et al. tried t t for off ffects b
|EM . RlEkDECOSOECOQGD _ OE) otts et al. trie 0 correct 1or ori-resonance eriects oy

LY — . [91] measuring bothR, and'M,; in the absence of exchangi4y.
Moo Rio®Rie — koekeoC0S' (6o — 0c) This was possible in their system where the two sites we
intracellular and extracellular, but usually such measuremer
These equations simplify to Eq. [69] when there is no magnare not possible. Their formula is equivalent to
tization exchange and to Eqgs. [78] and [86] wiMp. = O with
no off-resonance effects. Values calculated with these formulas Koe = 'Ry[ Moo — EMgp(€) ]/ EMyp(E). [96]
agreed very well with our calculations when sginwvas nearly
completely saturated. The increasing discrepancies,ase
creased can be attributed to incomplete dpigaturation.

Baguet and Roby have proposed a complex procedure
correct for off-resonance effectd3). This method, which
involves measuringR,.; and R, for both spins and requires

CALCULATING EXCHANGE RATE CONSTANTS knowledge ofw,, is not easily expressed in a single equation
A simpler attempt to correct for both off-resonance effects an

The preceding sections provide formulas to calculate bathcomplete saturatiorf uses the formula
steady-state magnetization aRg.; in the presence of incom
plete saturation and off-resonance effects. The ability of pub- k . = R[*D,(e’) — ED,(e)]/
lished formulas to estimate accurately the exchange rate con-
stantkpye can be calculated from simulated data generated with
these equations. The following comparisons assume that crgsgample

relaxation is absento(ze = 0) and that the intensities and ) .

creatine kinase spin system described above. Three |
strengths were examined;, = 15 rad/s for incomplete satu
ration, w, = 40 rad/s for significant off-resonance effects, anc

Several formulas have been published for calculaipg o, = 120 rad/s for large off-resonance effects. The resultin
from saturation transfer data,(3, 4, 7, 9, 13, 14 The formu- intensities and relaxation rate constants are shown in Table
las differ in their attempts to correct for off-resonance effecthe percentages of error ik, calculated by the different
and incomplete saturation. Most formulas UgR,, but it is methods are shown in Table 5. These calculations assur
also possible to use the intringR; (1). The formulas will be noiseless data, so that even very small values of residual sj
repeated here in the current notation. E magnetization can be measured accurately.

Forsen and Hoffman assumed that saturation was completeEquations [92] and [93], with no correction for off-reso-
with no off-resonance effects, as in Eqgs. [87] and [88] ( nance effects or incomplete saturation, have significant errc
Their formula requires measurement Mf,,, “*Mg(€), and in the calculateck,e. The common correction for off-reso

[iEDz(e) - iEDz(e,) + iDEz(e/) - iDEz(e)]' [97]

Published Saturation Transfer Formulas
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TABLE 4 Cross-relaxation 1(8) has been considered in MRI, where
Simulated Data for Measuring Kpe two populations of HO have the same or very similar reso
nance frequencies and very different linewidths because
different T, relaxation times 19-29. Solutions have been

w; (87)

Calculated value 15 40 120 Ppublished for the steady state without off-resonance effec
(19) and with off-resonance effects when, = we (20) and

Saturation of spirE + control for the transient magnetization without off-resonance effect
Efé((si g-gggg 8-3;; 8-;‘2(2)3 (21). A general semi-analytic solution inserts the numerice
‘EDZz(e) 0.3928 0.3195 0.2017 solution .to a S|xth-order_ polynomial into analyt|c.formulas
PE.(6) 0.0953 0.0143 0.0015 (22). Caines and Schleich and co-workers considered of
D, 0.9726 0.8334 0.3572 resonance effects withl, exchange in two cases, ignoring the
"R (s7) 0.7567 0.7970 1.1422 transient oscillations and presenting an equation that appear:
Rp (s 0.2567 0.2970 0.6422 pe equivalent to Eq. [75] in the present wo9( 30.

S?Eg?g,’;‘ of spirb + control 0.9802 08783 0500 Chemical exchange and cross-relaxation between two sit
PE.(d') 09735 0.8374 03591 have been considered together without RF irradiati). (The
ED,(d) 0.0113 0.0015 0.0001 formulas presented here provide both transient and steady-st
PE(d) 0.4435 0.3990 0.2176 formulas with chemical exchange, cross-relaxation, and dire

off-resonance effects. The accuracy of the approximate form
las in Egs. [49] to [63] and [69] was checked over a rang

. . 320 = w = 8640 rad/s £51-1375 Hz) and 26 w, = 540
nance effects is reasonably good with Eq. [9_4], but the answer, (-3-86 Hz), and 1= R, = 100 s* (Table 2). This
with Eq. [95] may be less accurate than with no correction. .

) . - represents the usual range of frequency differences encol
Neither of these methods corrects for incomplete saturatlcin

. . efed in saturation-transfer measurements of chemical €
Equation [97] compensates reasonably well for incomple . - : .

: change. With a solid-like component in magnetization transfe
saturation, but not for off-resonance effects. The compl

method of Baguet and Robyl®) partially compensates for%E can be very large, and the approximate formulas woul
. . %oply only to spinD, not spinE.
off-resonance effects, but not for incomplete saturation. Equd-

tion [96], which is intended to correct for off-resonance effec

t . . .
on both signal intensity an®,, compensates well for the éomparlson of Cross-Relaxation and Chemical Exchange

off-resonance effect but not for incomplete saturation. Exchange of magnetization between two popu|ations of nt
clear spins may occur by cross-relaxation or by chemic:
DISCUSSION exchange. Although the physical transfer mechanisms are d
ferent, they have identical effects @mmagnetization transfer
Solutions of Modified Bloch Equations (Eq. [1]) and on the effective spin—lattice relaxation rate cor

The steady-state solution of the Bloch equations withogte"t (EQ. [52]). One difference between these two effects
chemical exchange or cross-relaxation was included in tH¥t When spirk is saturated spi intensity may increase or
original paper 24), and an interesting geometrical steady-stageecrease with cross-relaxation, while it always decreases wi
solution also has been published4). Torrey derived time-
dependent changes with constant RF power and frequency in
certain special casesw(= 0,R, = R,, orR, — R, < w,)
(25), and some mistakes in that paper have been corre@ed (
Hore and McLauchlan provided a general analytic solution for
the equations assuming no initial transverse magnetization
(40). The complete analytic solution derived by extending thref. Eq. 15 40 120
Laplace transform method3®) is the basis for the present

TABLE 5
Percent Errors in kpe Calculated by Different Methods

w; (57

work. Solutions also have been derived by other method$ 92 -8 8 82
35, 36, 43 7 93 -23 6 98
( A , . 3 94 -9 1 22
With chemical exchange3@) Forsen and Hoffman derived 1 95 —25 —13 _43
steady-state longitudinal magnetization aRe¢; when one 14 96 —24 —4 -1
exchanging spin was completely saturated with no off-reso9 97 -3 —-17 —-64
13 — —24 -5 -22

nance effects (neglecting transverse magnetizati@)) and
this was later ex.tended to three e).((.:hanglng Spilﬁijﬂ.a. . Note. The percentage of difference between thg calculated by each
Schotland and Le'Qh solved the modified Bloch equations Withethod and the true,e = 0.5 s is shown for three different values of,
exchange among sites whenw, = 0 (37). (rad/s) in the reaction catalyzed by creatine kinase.
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chemical exchange. The convention used here, with a positivd=or heterogeneous systems, such as perfused orga
o value leading to a decrease in intensity when dpins there may be some advantage to measufinfrom the rate
saturated, is the opposite of standard NOE experiments. Ari-intensity loss in spirD when spinE is irradiated. This
other difference is that transverse magnetization is transferiiminates the possible problem of two pools of a chemica
in chemical exchange but not in cross-relaxation (Eqgs. [2] antie exchanging and one not, with differeht times. By
[3]). Thus transverse spid magnetization directly affects spinfollowing the intensity loss when spiR is irradiated, only
D intensity with chemical exchange but not with cross-relaxhe exchanging spins contribute to tAHg measurement.

ation (Eq. [26]). With progressive saturation both populations will contribute
to theT, measurement. Although the formula for calculating
Steady-State Magnetization actual exchange rates from the exchange rate consta

At steady state with one RF field the magnetization vector?soé;iztfezggt]en:r:ennsé? SL tggr‘zolne iéfh%g%g]gﬁﬁgl’rz?aeﬁv
approximately aligned with the effective field, so that the small y P y :

force applied by that field is balanced IR; and R, effects. 2;3;’:3;?}965 of each method must be considered in suct

With chemical exch_ange the transvc_arse components can Xy s urement OR,, requires that spifE magnetization be
change between spifis andE, and this exchange appears "held constant during thB, measurement. This is nearly true

Egs. [2], 3], [7], [8], [13], .[14]’ and [26]._[37]' Chemical when saturation is nearly complete, because the saturati
exchange and cross-relaxation produce similar value! of .
peurs soon after the RF pulse is turned on. Moreover, the 9

and M,, but with chemical exchange there may be a smag . X . : .
etection pulse in a progressive saturation or saturation recc

amount ofM, on resonance (Table 3). . . o
. . ry experiment null$/ ¢, and during data acquisitiav , may
Thex andy components that appear in these equations refé .
cover to a low level that approximates the saturated leve

to thex andy axes of the reference frame rotating at the Rﬁhen saturation is incompletdd,. may change during the

frequency, not at the spin’s resonant frequency. The stea Nt S . ;
. L relaxation measurement, yielding an inaccurate estimate
statex andy components of spiD and spinE in the RF

reference frame are constant, so they must be rotating in {?fé”'
spinD and spirkE reference frames. With a second RF field th
steady-statéM, oscillates about an average value.

These results are valid for a constant-amplitude irradiation. The steady-state longitudinal magnetizathin,(ss) can be
If saturation is achieved by a pulsed irradiatioh 14), the affected by cross-relaxation, chemical exchange, and off-res

Relative Changes in Magnetization and Relaxation

exact saturation method must be considered. nance effects. With chemical exchange and cross-relaxatic
the measured .. is independent oM - as long asM,¢ is
Effective Spin—Lattice Relaxation constant during the measurement. Howevggy differs from

We assume that the presence of an RF field does r;lr%m the_absence of c_her_mcal exchange anq cross-relaxa}tm
S . . . The fractional change i, is equal to the fractional change in
change the intrinsic relaxation process, which remai

. o : .o(SS) if spinE is completely saturated, otherwise tfig
monoexponential47). However, the RF field interacts Wlth change is greater than thé,o(ss) change (Egs. [85] and [86]).

both longitudinal and transverse magnetization, ChanglWith off-resonance effects alone, tiig change is less than the
the rate R..) at whichM, approaches a steady state. Thﬁ/l ’
.o(ss) change (Eq. [76]).

decrease inT ..z with off-resonance irradiation has been
pbsgrvgd expenmentall_yl(l, 29. In the presence Of RF Saturation-Transfer Measurements of Chemical Exchange
irradiation, M, recovery is not purely monoexponential. In
most cases a large exponential component has additionaln some cases it may be possible to measure exchange re
oscillations which decay with time and vanish in the steadyithout off-resonance effects, by using two-dimensional mett
state (Fig. 2). The oscillations can be minimized by startingds or lineshape analysis. With saturation-transfer metho
from no net magnetization rather than from fully relaxed auff-resonance effects may occur. Previously published form
inverted magnetization (Fig. 2). Therefore if the largéas for calculating<,e did not give accurate results in all cases
monoexponential component is to be considered the “tru€Table 5). This is true even for formulas intended to correct fo
effective T,, its value is estimated better with progressiveff-resonance effectsl(3, 9, 13, 1% and incomplete satura-
saturation 8) or saturation recovery methods than by invertion (9). In some cases the “correctel}: values were less
sion recovery 2) or by following the decrease in magneti-accurate than values calculated with the assumption of col
zation after the RF power is turned o8)( Although these plete saturation and no off-resonance effects (Eq. [92]). Th
oscillations have been predicte2s( 33, 35, 36, 4pand ob- emphasizes the importance of accounting correctly for tf
served R5, 33, 40, the idea of oscillations interfering with effects of RF irradiation on both the steady-state magnetiz
T, measurements does not appear to have been mentiotieds and the effective relaxation rates.

(48). There is unlikely to be a single simple formula that will
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provide an exact value dfye in all cases with off-resonance  Den= [D{[E][C] — oceoec(w? + R%) (w2 + R2)}
effects and incomplete saturation. The method of Pettal.

_ 2 2 2 2
appears to give accurate results if saturation is complete, but (wp + Rp){opeoen(we + R3)[C]

this requires measurements in the absence of exchddje ( + opcoep(w2 + RE)[E]

Such measurements usually are not possible without altering

the relaxation or exchange rate constants. The equations de- + (0pe0EcOCp + TocTce0ED)

rived here can provide a starting point for determining formu- X (0 + R%) (w2 + R2)L. [A8]

las that provide good estimateskgfz in most cases of two-site
exchange 49) and three-site exchange (P. B. Kingsley aan

; s b IS symmetric with respect to spil&sandE, reduces td 5o
W. G. Monahan, submitted for publication).

(Eqg. [83]) when spinC does not exchanges(ec = ogc =
ocp = oce = 0), and reduces t&;,/[D] if spin D does not
APPENDIX A exchange §pe = 0ep = 0pc = 0cp = 0). Formulas forK ;¢
andK ;e can be derived by cyclic permutation of tBe D, and
In many cases magnetization is exchanged between thke&abels.
spins, not just two. When spib exchanges with spi& and a
competing spirC, the equations must have an additional term APPENDIX B
added for each term containing & (Kpe, Kep, 0pe, Oeps
My,.e. Exy.) with the E replaced byC. For examplekpe Errors in Egs. [2c], [3], [37], [41], and [45] of Torrey25)
becomekpe + Kpc, andkegpM, e becomekep,M, e + kepMyc.  have been corrected34;, Eqgs. [3], [4], [8], [20], and [40],
Equations [9], [10], [11], [13], and [14] become respectively). A mistake in Eq. [39] oB4) was corrected in a
published correction (the third term in the numerator is pos
tive, not negative). In Eq. [58] of Torrey25), the formula for
A is really for D (see his Eq. [50c]), and = —&*(1 —
ECR, = R, + kog + Koc [A2] my)/(1 + &%).
The correct version of Eq. [17c] im38) can be found by
settingkpe = ope = 0 in Eq. [22] of the present work:

"ECR, = R; + Kpg + Kpc + 0pe + 0pc [A1]

{TECMOD = MOD[Rl + (kDE + O'DE) E,

+ (Kpc + UDC)Cz]/UECRl [A3]
={(@®+ 0)®+ (R, — R)Jw’(2o® + {R, — R,}?
aiECfOZ a;fo + kepM,e + kepM, e [A4] ¢c={(o w7 (R, ) lo*(2w {R, 21%)
2 .2 2
— wilwi/d + 50°)]}27. [B1]
a;go = a;igo + KepMye + KcpMyc. [AS]

In (35) y* should bey’ in the line before Eq. [10], and the
These formulas are valid for a single RF frequency. With tweumerator of Eq. [17] should be (£ §°T3) M, instead of 1+
RF frequencies, as in multiple saturation trans8®( 10-12, 8°T>M,. This equation is given correctly in Table 4 of their
a single frequency must be chosen for the rotating refererlager paper 36). Table 8 of 86) should haveA,; = e "™ and
frame, leading to a more complex analysis. In this case thereBig, = 1 — e V™.
no true steady-state magnetization and all three components dh (8), the secondv,(B) in Eq. [14] should beM(B), and a

magnetization oscillate in any reference frame. corrected version of Fig. 1 was published.
When three spins exchange magnetization with each othetn Eq. [3b] of (19), Ras should beRg,.
by cross-relaxatiork ,, in Eq. [83] must be replaced ;. In Egs. [1a, 1b] of 21), —BAsMXs should be—B,sMxs.
To simplify notation let In (17) in the middle of page 209y°7, < 1 should bew’r;
< 1.
H A off
[D] = “Ryp(w2 + RZ) + Rypw? [A6] In the line after Eq. [26] 0fZ9), M;(1 + kaT31, should be

M1 + kJ)Tor.
In the Fig. 1 legend in13), wsm = 2wa — wg, NOt 2wg —
with the D subscripts changed 0 for [C] and toE for [E] . In Eq. [40] of (13), the T, should be removed from the
(see Eq. [83]). Thei s, = Num/Den, where numerator.

Num = Rypo{[E][C] — oceoec(wi + R3) (wE + R30)} REFERENCES
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